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Baxter permutations, so named by Boyce, were introduced by Baxter in his 
study of the fixed points of continuous functions which commute under com- 
position. Recently Chung, Graham, Hoggatt, and Kleiman obtained a sum 
formula for the number of Baxter permutations of 2n - 1 objects, but admit to 
having no interpretation of the individual terms of this sum. We show that in 
fact the kth term of this sum counts the number of (reduced) Baxter permuta- 
tions that have exactly k - 1 rises. 
This paper constitutes an explanation of the “note added in proof” in [l], 
which should be referred to for definitions, notation, and context. The result, 
that &,k.o.o is the number of reduced Baxter permutations on I, that have 
exactly k rises, is proved as follows. For a E A, , we write a+l for the permuta- 
tion that is obtained by inserting n + 1 between the ith and (i + 1)th elements 
of a. 
Let T,(i, j, k) be the number of permutations a E A,+1 that have exactly k 
rises, and for which P(a) has i + 1 O’s preceding the * andj + 1 O’s following 
it. Then 
It is convenient to change the definition of P(a), so that now pi = 0 if a+i is 
not in A,+l, and pi = k if a+< E A,+1 and has exactly k rises. For example, if 
a = (2, 5, 3, 1, 4), we find P(a) = (2, 2*, 3, 0, 0, 3) and 
a+O = (6, 2, 5, 3, 1, 4), P(a-+“) = (2*, 3, 0, 3, 0, 0, 3), 
a+l = (2, 6, 5, 3, 1, 4), P(a*‘) = (2, 2*, 3, 3, 0, 0, 3), 
a+2 = (2, 5, 6, 3, 1, 4), P(a+“) = (3, 3, 3*, 4, 0, 0, 4), 
af5 = (2, 5, 3, 1, 4, 6), P(a+3 = (3, 3, 0, 0, 0, 3*, 4). 
394 
0097-3165/79/060394-03$02.00/0 
Copyright 0 1979 by AcademicPress, Inc. 
Al1 rights of reproduction in any form reserved. 
BAXTER PERMUTAT1ONS 395 
A pattern is evident! Clearly the rules in [l] for obtaining P(a+“) from P(u) 
generalize as follows: 
(i) replace everything between pk and the * by O’s, and remove the *; 
(ii) replace pk by 14, pk + 1; 
(iii) make all nonzero pi’s equal to the nearest one that is adjacent to 
the new *. It is easy to verify that this rule generates the new P’s correctly. 
The above rule implies that T,(i, j, k) satisfies the following recursion: 
T,+di + 1, j + 1, 4 = c (T& + 4, .A W + T&, j + 4, k - 1)) (2) 9>1 
which is a direct generalization of (2) of [l]. Table I gives some values of 
T,(i, j, k). For each n, the rth row gives the values for i + j = r - 1; each 
TABLE I 
n=O T&, i, k) = 1 
n=l 00 
10 01 
n=2 ooo 
010 010 
100 020 001 
n=3 oooo 
0110 0110 
0300 0220 0030 
loo0 0300 0030 0001 
?I=4 
01410 01410 
03600 02820 00630 
06000 03800 00830 ooo60 
lOOMI 04ooo 00600 00040 00001 
“word” gives the values fork = O,..., n. Note that the number of permutations 
inA n+l that have exactly k rises is & T,(i, j, k) which, by (2) equals & T,+,(i, 
0, k + 1) and also T,+,(l, 0, k + 1). Also (2) implies the symmetry 
T,G,.i, k) = T,Sj, i, n - k), 
and we note that 
D n.k,o.o = Tn+,V, 0, k). 
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Some elementary numerical detective work now leads to the formula 
X 
(( 
n--i-l n-j-1 
)( 1 ( 
n-i-1 n-j-l 
n-k-l k-l - In-k )( k 
and the result is established. 
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